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In a recent paper, P. L. Duren, H. S. Shapiro, and A. L. Shields [1] showed that if f belongs to the class S of functions that are regular and univalent in the unit disk D, and if 0 < I a\ < (,/5 -2)/3, then the function fa(z) == S z [f'(t)]a dt 0 also belongs to S. They knew that the Koebe function K(z) = z/(1 -z) 2 loses its univalency under some transformations K ..__. Ka with I a 1 < 1 (private communication), but they had no example of a function f in S for which some fa (O < a < 1) is not univalent. We shall now identify a subclass of functions f in S for which fa is univalent whenever 0 <a< 1. On the other hand, corresponding to each value a (I a I > 1/3, a =F 1) we shall exhibit a function f in S whose transform fa is not univalent.
THEOREM 1. Iff belongs to S and is close-to-convex, then fa belongs to S
and is close-to-convex, whenever 0 < a < 1. Since the boundary of B approaches one or the other edge of z; as the preimage z approaches the point 1 from above or below, and since (for cos cp =F 0) the strip E meets vertical lines in segments of length p11 I sec cp (, the function (1) Returning to the theorem, we note that While we have no example of a function f in S such that, whenever (a 1 > 1/3 and a =F 1, the function fa is not univalent, one of our functions covers a fairly large portion of the range. If in (1) we take J1. = -2, then fa is univalent only when the point 1 -3a lies outside of W, that is, whenever
in other words, fa is not univalent when a lies outside of the two closed disks with respective centers 0 and 2/3 and with radius 1/3.
It seems highly plausible that if f(z) = exp g(z), where g is a univalent function that maps D onto a slowly oscillating strip E of vertical height 21T, such as the strip bounded by the segment [1 -1T i, 1 + w i] and the two curves y = ±w+x(logx)sin(logx) (x> 1), then fa is univalent if and only if I a l < 1/3 or a = 1. The principal problem that remains is to determine whether fa is univalent if f E S and ({5 -2)/3 < a < 1/3.
